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ABSTRACT 
In the presence of outliers, Ordinary Least Square estimator is found to be inefficient. In this paper, some robust 

estimators and OLS were used to estimate the parameters of linear regression model in the presents and absents 

of outlier(s). Linear regression models with three and seven predictors (p = 3 and p = 7) each at four levels of 

percentage of outliers (𝑛1% = 0%, 5%, 10% 𝑎𝑛𝑑  20%), three levels of variance of outliers (𝜎𝑜𝑢𝑡𝑙𝑖𝑒𝑟𝑠
2 = 50,

100 𝑎𝑛𝑑  250) and five levels of sample size (𝑛 = 20, 30, 40, 60 𝑎𝑛𝑑 100) were considered through Monte 

Carlo experiments. The experiments were carried out 2000 times, and the performances of these Robust estimators 

and Ordinary Least Square were investigated and compared using the Mean Square Error (MSE) criterion. Results 

show that when there is no outlier in the data, at all situations, Ordinary Least Squares (OLS) is the most efficient 

estimator among the estimators considered. But when outlier(s) exists in the data, Robust MM consistently 

performed more efficiently than all other methods of parameter estimation of linear regression model considered. 

It also shows that efficiency of these estimators increased as the sample size increased. Also, variance of outliers 

and percentage of outliers affect the efficiency of these estimators. 

      

INTRODUCTION  
Ordinary Least Squares (OLS) estimator is the most popular estimator used in estimating the parameters of linear 

regression model. When all the assumptions of Classical Linear Regression Model are met, Ordinary Least 

Squares (OLS) estimator is the Best Linear Unbiased Estimator (Fonby, 1984; Maddala, 2002).  

 

One of the problems encountered in regression analysis is the existence of outlier(s) in a dataset. Outlier(s) renders 

the Ordinary Least Squares (OLS) estimator to be inefficient and the estimates obtained from it to be imprecise 

as a result of the inflated error variance. Various estimation techniques to handle the problems of outliers have 

been developed, these include; M estimator proposed by Huber (1964), MM estimator proposed by Yohai (1987), 

S estimator proposed by Rousseuw and Yohai (1984), LAD estimator proposed by Dielman (1984), LTS proposed 

by Rousseuw, P. J. and Van Driessen, K. (1998). Different researchers such as Neykov & Neytchev (1991), 

Atkinson & Weisberg (1991), Stronberg (1993), Rousseeuw & Van Driessen (1999), Agullo (2001), Jung (2005), 

Li (2005), Cizek (2005) and Rousseeuw & Van Driessen (2006) also suggested different algorithms for computing 

the LTS estimates.  

 

A Monte-Carlo experiment of 2000 trials were carried out for four sample sizes (20, 40, 60 and 100), each with 

different number of explanatory variables, different percentage and variance of outliers. Six robust estimators 

(Robust-M, Robust-MM, Robust-S, Robust- Least Trimmed Square, Robust Least Median Square, and Robust- 

Least Absolute Deviations) and OLS were used to estimate parameters fitted to this simulated data. These 

estimators were assessed in terms of their mean square errors (MSE). 

 

MATERIALS AND METHODS 
In this paper, a linear regression model with a dependent and three independent variables is considered. The model 

is specified as: 

 

𝑦 = 𝑋𝛽 + 𝑈      (1) 
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Where 𝑦 is an n by 1 column vector of dependent variable, 𝑋 is an n by p matrix of independent variables, 𝛽 is a 

p by 1 vector of the regression coefficients and 𝑈is an n by 1 vector of random errors. 

 

Methods of Parameter Estimation Considered 

Robust-M Estimator 

M-estimator proposed by Huber (1964) perform parameter estimation by minimizing the sum of a less rapidly 

increasing function of the residuals. It performs better when the outliers are in the y-direction but less robust to 

leverage. The objective function of M estimate is given by: 

𝑚𝑖𝑛 ∑ 𝜌 (
𝑒𝑖

𝑆
)𝑛

𝑖=1 = 𝑚𝑖𝑛 ∑ 𝜌 (
𝑦𝑖−𝑋′�̂�𝑖

𝑆
)𝑛

𝑖=1      (2) 

Where s is the scale estimate obtained as function of residuals and is estimated by  

 

𝑆 =  
𝑚𝑒𝑑𝑖𝑎𝑛|𝑒𝑖 − 𝑚𝑒𝑎𝑑𝑖𝑎𝑛(𝑒𝑖)|

ℎ
 

When n is large, an appropriate choice of h makes S an approximately unbiased estimator of𝜎. 

To minimize (2), a system of normal equations is solved by taking partial derivative with respect to 𝛽 and equating 

them to zero, which gives  

 

∑ 𝑋𝑖𝜓 (
𝑦𝑖−𝑋′�̂�𝑖

𝑆
) = 0𝑛

𝑖=1        (3) 

 

Where 𝜓 is 𝜌′ and 𝑋𝑖 is the 𝑖𝑡ℎ observation. Then Iterative Reweighted Least Squares (IRLS) or nonlinear 

optimization techniques is used to solve these equations. 

 

MM-Estimator 
MM- estimator proposed by Yohai (1987), is the combination of the high breakdown value estimator and M-

estimator. By this estimator, parameter estimates are obtained from multiple M-estimation that uses the S-

estimation procedure to minimize the scale of the residuals. The procedure involved the following three stages: 

1. Initial estimates �̂�(1) found using a high breakdown point estimator are used to compute the 

initial residuals𝑒𝑖
(1)

. 

2. M-estimate of the scale of residuals 𝑆𝑛 are computed using the initial estimate of residuals𝑒𝑖
(1)

 

in step 1. 

3. M-estimates of regression coefficients are obtained from Weighted Least Squares (WLS) whose 

first iteration uses the residual scale 𝑆𝑛 from step 2 and the estimates of residuals 𝑒𝑖
(1)

 from step 

1 

∑ 𝑋𝑖𝑤𝑖 (
𝑒𝑖

(1)
 

𝑆𝑛 
) = 0𝑛

𝑖=1         (4) 

4. Residuals from the initial Weighted Least Squares (WLS) in step 3 are used to construct new 

weights, which again is used in Weighted Least Squares estimation. The process is continually 

reiterated until convergence. 

 

S-Estimator 
S-estimator proposed by Rousseuw and Yohai (1984), is a high breakdown value that minimize the dispersion of 

residuals. S-estimator minimize the dispersion in residuals as the solution of 

 

 
1

𝑛
∑ 𝜓 (

𝑒𝑖

𝑠
)𝑛

𝑖=1 = 𝐾        (5) 

 

Where K, a constant, is defined as K=𝐸𝜑[𝜓(𝑒)]and 𝜑 represents the standard normal distribution. Differentiating 

equation (5) and solve the results in 

 
1

𝑛
∑ 𝜌 (

𝑒𝑖

𝑠
)𝑛

𝑖=1 = 𝐾         (6) 
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Where 𝜌is replaced with an appropriate weight function. 

 

Least Trimmed Squares Regression Estimator 

Another estimator proposed by Rousseuw (1984), is the Least Trimmed Squares (LTS) regression. It is also a high 

breakdown value method that minimizes the sum of the trimmed squared residuals. LTS estimator is  

 

�̂�𝐿𝑇𝑆 = 𝑎𝑟𝑔𝑚𝑖𝑛(∑ 𝑒𝑖
2ℎ

𝑖=1 )        (6) 

 

Where ℎ = [𝑛(1 − 𝜃) + 1]is the number of trimmed observations included in estimation, n and 𝜃 representing 

sample size and the proportion of trimming being performed respectively. In this method, the outlier observations 

are completely excluded in the estimation of model parameters. 

 

Least Absolute Deviation Estimator 

Least Absolue Deviation (LAD) regression proposed by Dielman (1984) is very resistant to observations with 

unusual y values. Estimates are obtained by minimizing the sum of the absolute values of the residuals. 

 

𝑚𝑖𝑛 ∑ |𝑒𝑖|
𝑛
𝑖=1 = 𝑚𝑖𝑛 ∑ |𝑦𝑖 − 𝑋𝑖�̂�|𝑛

𝑖=1       (7) 

 

LAD minimized the objective function given by 

 

𝑚𝑖𝑛 ∑ 𝜌𝜃(𝑒𝑖)
𝑛
𝑖=1 , 

Where 

𝜌𝜃(𝑒𝑖) = {
𝜃𝑒𝑖               𝑖𝑓 𝑒𝑖 ≥ 0

(𝜃 − 1)𝑒𝑖    𝑖𝑓 𝑒𝑖 < 0
        (8) 

 

Here the quantile being estimated is 𝜃. 

 

LAD fails to account for leverage (Mosteller and Turkey 1977), and thus has a breakdown point of zero. 

 

DATA GENERATION AND MODEL FORMULATION PROCEDURE 
The response variable is obtained from the relation given by: 

𝑌𝑖 = 𝛽0 + 𝛽1𝑋𝑖1 + 𝛽2𝑋𝑖2 + ⋯ + 𝛽𝑝𝑋𝑖𝑝 + 𝜀𝑖,  𝑖 = 1, … , 𝑛 𝑎𝑛𝑑 𝑗 = 1,2, … , 𝑘  

The error term was simulated to have a Gaussian mixture, i.e. 𝜀𝑖~(1 − 𝑚%)𝑁(0,1) + 𝑚%𝑁(0, 𝜎𝑜𝑢𝑡𝑙𝑖𝑒𝑟𝑠
2 ). 

Where 𝑚% = (0%, 5%, 10%, 20%) were the percentages of outliers infused into the error term, and 

𝜎𝑜𝑢𝑡𝑙𝑖𝑒𝑟𝑠
2 = (50, 100, 250) is the variance of outliers considered.  

 

The predictors were simulated to be independent and identically distributed random variables as; 

 𝑋𝑖𝑗~𝑁(0,1),  i = 1,2,3,...,n; j = 1,2,...,p.  

 

The number of predictors were varied as p = (3, 7) so as to study the impact of increase in number of predictors 

in the model. When p = 3, the true parameter values were fixed as: 𝛽0 = 0, 𝛽1 = 0.8, 𝛽2 = 0.1, 𝛽3 = 0.6, and 

when p = 7, 𝛽0 = 0,  𝛽1 = 0.8, 𝛽2 = 0.1, 𝛽3 = 0.6, 𝛽4 = 0.2, 𝛽5 = 0.25, 𝛽6 = 0.3 and 𝛽7 = 0.53, such that 

𝛽′𝛽 = 1 in both cases. 

 

To investigate the impact of sample size on the performance of these estimators, five sample sizes were 

considered: n = 20, 30, 40, 60 and 100. 

 

This experiment is replicated 2000 times and at each stage, the MSE is computed. The MSE of all the estimators 

is average over the number of replications and parameters as: 

 

𝐴𝑀𝑆𝐸(�̂�) =
1

2000
∑ ∑ (�̂�𝑖𝑗 − 𝛽𝑖)22000

𝑗=1
𝑝
𝑖=1 .  
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Where �̂�𝑖𝑗 is the ith element in the jth replication of 𝛽 that gives the estimate of 𝛽𝑖. 𝛽𝑖 are the true (fixed) values of 

parameters.  

 

Ranks were then assigned to these estimators, with rank 1 being assigned to the estimator with lowest average 

value of 𝐴𝑀𝑆𝐸(�̂�), and so on, up to rank 7 which was assigned to the estimator with the largest average value of 

the average MSE. Thereafter, ranks of these estimators were sum over the levels of number of predictors 

considered. That is, at a particular level of sample size, percentage of outlier and variance of outlier, an estimator 

with rank 1 when p (number of predictors) = 3, and rank 1 when p = 7 would have sum of ranks as 2 at those 

levels considered. 

 

RESULTS AND DISCUSSION 
The average MSE of OLS and 6 other robust estimators with varying number of predictors at different sample 

sizes, variance and percentage of outliers are presented in Table1 to Table3. Also, the performances of these 

estimators using sum of ranks of their average MSE is presented in Table 4. 

 

Table 1: AMSE of Coefficient Estimates When the Error is Distributed as 𝜺𝒊~(𝟏 − 𝒎%)𝑵(𝟎, 𝟏) +
𝒎%𝑵(𝟎, 𝟓𝟎) 

 

Sampl

e 

size 

(n) 

 

Estimato

r 

Number of Explanatory Variables 

3 7 

% Of Contamination (m%) % of Contamination (m%) 

0% 5% 10% 20% 0% 5% 10% 20% 

 

 

 

20 

OLS 0.06142

3 

6.24742

6 

23.2475

9 

30.2233

4 

0.10551

4 

7.19034

9 

18.5576

9 

42.1571

2 

M 

0.06524 

0.06970

5 

0.23081

1 

0.89892

8 

0.11263

3 

0.09846

9 

0.28003

6 

8.33768

1 

MM 0.06796

3 0.05983 

0.12466

2 

0.09602

4 

0.15141

7 

0.08616

3 

0.10972

1 

0.20476

4 

S 0.18755

4 

0.15218

2 

0.30093

6 

0.16121

8 

0.36185

9 

0.19421

3 0.23901 0.25874 

LTS 0.27216

9 

0.22102

5 

0.51645

9 0.2561 

0.49944

7 

0.27402

6 

0.36472

3 

0.38673

5 

LMS 0.34507

8 

0.30181

3 

0.74176

5 

0.35848

6 

1.37667

1 

1.15367

2 

4.08084

3 

15.7952

6 

LAD 0.09425

6 

0.09207

2 

0.21590

7 

0.21571

1 

0.15527

5 0.11674 

0.26816

1 

4.01267

9 

 

 

 

30 

OLS 0.03936

7 

3.00496

9 

8.37690

3 14.4213 

0.05439

8 

4.05463

8 

13.8945

3 

26.0249

1 

M 

0.0415 

0.04207

6 

0.05640

5 

0.11788

7 

0.05811

6 

0.06140

5 

0.12327

9 0.9975 

MM 0.04226

7 

0.03829

6 

0.03886

6 

0.04336

2 

0.06280

4 

0.05555

6 

0.07236

6 

0.09104

5 

S 0.13215

7 0.11593 

0.10326

8 

0.08485

7 

0.18625

2 

0.16396

5 

0.19241

7 

0.18572

8 

LTS 0.18660

4 

0.17837

8 

0.16529

4 

0.14096

1 

0.24257

2 

0.21924

3 

0.27396

8 

0.25922

7 

LMS 0.21226

8 

0.19928

4 

0.18890

7 

0.16624

9 

0.35925

9 

0.29904

6 

0.39358

8 

0.39651

1 

LAD 0.05964

5 

0.05837

7 

0.06593

6 

0.08869

7 

0.08303

9 

0.08077

8 

0.13107

4 

0.31264

5 

 

 

OLS 0.02847

7 

3.69765

5 

6.43445

9 

14.1190

9 

0.02877

3 

4.04254

6 

8.90590

1 

17.3391

1 
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40 

M 0.03005

9 

0.03663

1 

0.04275

5 

0.08910

8 

0.03042

8 

0.04343

8 0.06383 

0.21348

6 

MM 0.03062

8 

0.03226

7 

0.03059

6 

0.03836

2 

0.03132

6 

0.03651

2 0.04385 

0.05121

5 

S 0.09784

1 

0.09505

6 

0.08632

1 

0.08143

4 

0.10274

2 

0.11648

8 

0.13077

1 

0.12592

1 

LTS 0.14991

8 

0.14671

4 0.13664 

0.13077

5 0.13777 

0.15581

5 

0.17673

7 

0.17550

1 

LMS 0.15585

4 

0.15540

4 

0.14687

8 0.1482 

0.15698

2 

0.18752

7 

0.21201

2 0.22794 

LAD 0.04497

4 

0.05036

2 

0.05203

2 

0.07507

9 

0.04336

4 

0.05804

9 

0.07518

8 

0.11216

1 

 

 

 

60 

OLS 0.02289

4 2.23443 

4.10680

8 

8.72843

2 

0.01783

2 

2.39012

1 

4.38088

5 

9.79989

9 

M 0.02429

7 

0.02279

4 

0.02705

8 0.04744 

0.01902

1 

0.02390

5 

0.03085

6 

0.06516

2 

MM 

0.02448 

0.01980

8 

0.01974

5 

0.02298

4 

0.01936

3 0.02042 

0.02187

8 

0.02768

6 

S 0.08509

4 

0.06302

5 

0.05870

7 

0.05645

6 

0.07430

9 

0.07676

8 

0.07833

8 0.08868 

LTS 0.13836

4 

0.10271

2 

0.09652

4 

0.09329

3 

0.10020

3 

0.10570

9 

0.10419

3 

0.11354

9 

LMS 0.13577

1 

0.10110

6 

0.09631

1 

0.09587

5 

0.10714

1 

0.11127

2 

0.11280

1 

0.12542

6 

LAD 

0.0352 

0.03079

1 

0.03351

6 

0.04484

6 

0.02759

1 

0.03223

4 

0.03742

3 

0.05490

1 

 

 

 

100 

OLS 0.01175

4 1.28081 

2.32576

4 

5.23216

1 

0.01052

3 

1.45584

8 

2.95397

9 

5.32658

4 

M 0.01247

4 

0.01295

4 

0.01446

9 

0.02755

5 

0.01119

5 

0.01446

8 

0.01845

5 

0.02904

6 

MM 0.01252

1 

0.01140

5 

0.01084

6 

0.01415

5 0.01129 

0.01252

1 

0.01347

2 

0.01507

1 

S 0.04931

8 

0.04097

7 

0.03635

7 

0.03952

2 

0.05312

6 

0.05792

2 0.06253 

0.06700

2 

LTS 0.08080

9 0.07055 

0.06122

5 0.06188 

0.07158

6 

0.07625

4 

0.08188

6 

0.07942

9 

LMS 0.07465

2 0.06487 

0.05847

2 0.06239 0.07047 

0.07445

1 

0.08001

3 

0.07894

1 

LAD 0.01823

8 

0.01780

8 

0.01804

8 

0.02675

9 

0.01667

1 

0.01976

2 

0.02275

8 

0.02828

9 

 

Table 2: AMSE of Coefficient Estimates When the Error is Distributed as 𝜺𝒊~(𝟏 − 𝒎%)𝑵(𝟎, 𝟏) +
𝒎%𝑵(𝟎, 𝟏𝟎𝟎) 

 

Sampl

e 

size 

(n) 

 

Estimato

r 

Number Of Explanatory Variables 

3 7 

% Of Contamination (m%) % of Contamination (m%) 

0% 5% 10% 20% 0% 5% 10% 20% 

 

 

 

20 

OLS 0.05233

4 

29.3455

4 

64.2082

4 

126.548

1 

0.08602

1 

42.3447

4 

114.816

6 

178.447

3 

M 0.05560

5 0.08347 0.11823 

10.1764

2 

0.09233

2 

0.13452

3 

1.47900

7 

31.4919

2 
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MM 

0.05812 

0.07082

7 

0.07503

5 

0.10688

5 

0.14307

9 

0.10874

8 

0.14712

9 

0.18325

2 

S 0.15747

4 

0.17663

2 

0.17209

1 

0.18741

2 

0.30994

6 

0.25983

2 

0.31837

5 0.25495 

LTS 

0.21223 

0.27026

1 

0.25462

1 

0.31496

7 

0.44495

4 

0.35908

2 0.46508 0.40347 

LMS 0.26731

8 

0.34974

5 

0.35023

6 

0.45922

2 

1.43784

3 

1.41048

7 

3.27944

9 

27.6410

9 

LAD 

0.07773 

0.11001

7 

0.13229

3 

1.31454

7 

0.12750

1 

0.16294

1 

0.32087

7 

16.0066

4 

 

 

 

30 

OLS 0.04005

4 

12.6834

9 

41.7435

1 

86.4125

2 

0.06658

6 

14.3918

1 

43.7252

5 

84.3443

4 

M 0.04230

3 

0.04567

6 

0.06903

4 

0.19138

4 

0.07201

2 

0.05734

3 

0.08472

2 

1.56041

5 

MM 0.04352

6 

0.04086

6 0.04858 

0.05813

6 

0.07735

6 

0.05209

3 

0.05328

3 

0.06371

6 

S 0.13737

2 

0.11590

1 

0.12346

4 

0.11721

7 

0.22514

3 

0.15416

8 

0.14132

7 

0.13815

4 

LTS 0.21161

3 

0.17541

1 

0.18450

5 

0.18178

7 

0.30190

8 

0.20975

3 

0.18910

8 

0.19355

9 

LMS 0.24203

6 

0.19858

7 

0.20938

5 

0.22302

8 

0.42871

2 

0.29441

1 

0.27117

4 

0.28375

5 

LAD 0.06161

6 

0.06344

6 

0.08409

5 

0.12051

2 

0.10155

6 

0.07656

1 

0.09596

7 

0.20114

4 

 

 

 

40 

OLS 0.03660

7 

15.3868

3 

26.6470

7 

55.9360

6 

0.03288

6 

19.0259

7 

31.6654

7 

71.1265

3 

M 0.03869

9 

0.03991

6 

0.04501

7 

0.09234

4 

0.03487

3 

0.05142

4 

0.06109

7 

0.49006

6 

MM 0.03921

4 

0.03321

1 

0.03223

1 

0.03836

4 

0.03635

6 

0.04254

9 0.03897 

0.05098

5 

S 0.12823

2 

0.10416

6 

0.08872

5 

0.08315

5 

0.12514

8 

0.13875

1 0.11705 

0.13079

4 

LTS 0.18736

9 

0.16400

1 

0.14058

4 

0.13270

3 

0.16897

3 

0.19264

9 

0.15903

8 0.1788 

LMS 0.19795

6 

0.18025

1 

0.15250

3 

0.14894

5 

0.19749

4 

0.22813

5 

0.19389

2 

0.22843

1 

LAD 0.05688

9 0.05211 

0.05492

3 

0.07552

9 

0.05053

7 

0.06708

4 0.06979 

0.11836

3 

 

 

 

60 

OLS 0.01553

4 

8.87318

5 

16.7018

1 37.88 

0.01625

3 

10.1938

6 19.5704 

41.3070

9 

M 0.01631

3 

0.02269

2 

0.02700

2 

0.05042

9 

0.01734

7 

0.02778

1 

0.03410

7 

0.07391

7 

MM 0.01647

3 0.01962 

0.01929

3 

0.02435

4 

0.01761

8 

0.02365

7 

0.02305

4 

0.02818

6 

S 0.05802

2 

0.06417

8 0.05643 

0.05885

3 

0.06843

1 0.08557 

0.08577

3 

0.09353

1 

LTS 0.09362

8 

0.10257

3 

0.09330

4 

0.09700

5 

0.09572

8 

0.11667

3 

0.11656

9 

0.11998

2 

LMS 0.09381

4 

0.10072

3 

0.09358

6 

0.10133

3 

0.09802

5 

0.12365

9 

0.13149

5 

0.13076

1 

LAD 0.02408

5 

0.02995

9 

0.03312

2 

0.04856

3 

0.02505

4 

0.03649

2 

0.04063

9 

0.05910

7 
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100 

OLS 0.01099

3 5.41747 

10.2957

6 

21.0809

7 

0.01041

1 

5.40553

4 

10.9111

3 

22.2164

8 

M 0.01158

8 

0.01359

5 

0.01617

3 

0.02771

9 

0.01104

6 

0.01399

1 

0.01740

6 

0.03216

5 

MM 0.01164

8 

0.01173

9 

0.01195

2 

0.01382

6 

0.01112

9 

0.01205

7 

0.01269

8 

0.01506

1 

S 0.04598

6 

0.04210

9 

0.04018

8 

0.03970

3 

0.05204

5 

0.05734

5 

0.05767

3 

0.06979

1 

LTS 0.07688

3 

0.07272

6 0.06689 

0.06393

5 

0.06918

9 

0.07451

2 0.07449 0.08357 

LMS 0.07131

6 

0.06776

5 

0.06405

4 

0.06086

5 

0.06844

8 

0.07191

7 

0.07388

3 0.08239 

LAD 0.01728

4 

0.01873

5 

0.02041

7 

0.02659

5 0.01625 0.01907 

0.02162

5 

0.02975

8 

 

Table 3: AMSE of Coefficient Estimates When the Error is Distributed as 𝜺𝒊~(𝟏 − 𝒎%)𝑵(𝟎, 𝟏) +
𝒎%𝑵(𝟎, 𝟐𝟓𝟎) 

 

Sampl

e 

size 

(n) 

 

Estimato

r 

Number of Explanatory Variables 

3 7 

% Of Contamination (m%) % of Contamination (m%) 

0% 5% 10% 20% 0% 5% 10% 20% 

 

 

 

20 

OLS 0.09131

8 

237.194

6 

349.477

2 

1186.33

2 

0.08408

9 

227.705

6 

505.211

6 

1110.54

5 

M 0.09773

2 

0.11239

6 

0.14647

2 

25.9818

1 

0.09090

9 

0.12017

3 

11.8964

3 180.263 

MM 0.10549

6 

0.09369

4 

0.06785

6 

0.13141

3 

0.12118

9 

0.09593

8 

0.11081

6 

0.15434

1 

S 0.27035

1 0.24996 

0.15940

2 

0.22857

3 

0.27364

9 

0.22294

6 

0.24773

8 

0.24804

9 

LTS 0.40190

7 

0.38555

8 

0.26365

2 

0.35891

8 

0.39682

7 

0.30769

6 

0.36824

6 

0.35265

3 

LMS 0.64660

1 

0.50122

9 0.38368 

0.51544

4 

1.17104

8 1.08217 

1.79433

2 

17.7925

9 

LAD 0.13680

1 

0.14343

4 

0.12807

9 0.35754 

0.12654

4 

0.14261

3 

0.87978

1 73.8002 

 

 

 

30 

OLS 0.04367

1 

74.3516

9 

237.204

3 

490.000

8 

0.04053

3 

107.660

4 

268.394

7 

537.857

4 

M 0.04668

6 

0.04197

8 0.06592 

0.37443

1 

0.04325

4 

0.06809

5 

0.09781

5 

8.88162

2 

MM 0.04790

9 

0.03846

4 

0.04358

7 

0.05402

9 

0.04804

9 

0.05965

8 

0.05283

3 

0.06176

4 

S 0.14750

8 

0.11217

5 

0.11370

5 

0.11219

7 

0.15028

8 

0.18903

8 

0.14904

3 

0.13328

3 

LTS 0.21689

1 

0.16766

4 

0.17828

7 

0.18441

2 

0.20339

6 

0.26547

3 

0.21582

1 

0.18443

4 

LMS 0.23928

5 

0.18678

1 

0.21243

3 

0.21501

6 

0.29798

6 

0.34920

6 

0.32051

5 

0.27458

3 

LAD 

0.06664 

0.05778

8 

0.07751

3 

0.11887

2 

0.06131

2 

0.08852

7 

0.10183

1 

0.21896

9 

 

 

OLS 0.02419

9 

87.3917

8 

174.511

2 

405.823

9 

0.03010

1 

86.1647

4 186.479 

468.240

5 
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40 

M 

0.02574 

0.03619

3 

0.04817

4 

0.44881

6 

0.03207

1 

0.03964

6 

0.05608

5 

1.58814

3 

MM 

0.02627 

0.03038

6 

0.03478

8 

0.04249

9 

0.03310

1 

0.03322

1 

0.03615

7 

0.05085

8 

S 0.08577

4 

0.09169

7 

0.09685

5 

0.09676

3 

0.11191

4 

0.10722

8 

0.11133

9 

0.13417

8 

LTS 0.12677

3 

0.14600

3 0.1498 

0.15887

1 0.14993 

0.14810

3 

0.15093

4 0.18002 

LMS 0.13853

7 

0.15435

5 

0.16199

7 

0.17950

1 0.1861 

0.17942

6 

0.18256

3 

0.22599

2 

LAD 0.03772

6 0.04795 0.05875 

0.09213

9 

0.04598

1 

0.05191

2 

0.06554

5 

0.12254

9 

 

 

 

60 

OLS 0.01642

9 

59.0901

2 103.552 

192.019

3 0.02003 

60.3800

9 

118.599

7 

239.698

3 

M 0.01737

6 

0.02438

3 

0.02825

4 

0.04485

1 

0.02126

7 

0.02590

6 

0.03196

1 0.07058 

MM 

0.01756 

0.02097

2 

0.01980

3 

0.02006

8 

0.02160

4 

0.02205

4 

0.02234

6 

0.02594

9 

S 0.06410

5 

0.06927

5 0.05689 

0.04918

4 

0.08460

4 

0.07953

5 

0.08111

7 

0.08769

6 

LTS 0.09664

8 

0.11124

6 

0.09412

6 

0.08177

8 

0.11436

4 

0.10706

3 

0.10818

4 

0.11220

5 

LMS 0.09735

8 0.11435 0.09381 0.08339 

0.12067

9 

0.11615

9 

0.11312

5 

0.11989

6 

LAD 0.02601

2 

0.03352

8 

0.03442

8 

0.04025

9 

0.03119

8 

0.03403

4 

0.03842

2 

0.05604

2 

 

 

 

100 

OLS 0.01335

2 

31.8435

7 

64.4134

9 

129.140

2 

0.01094

2 32.2586 

67.9124

9 

127.766

8 

M 0.01416

7 

0.01346

5 

0.01697

3 

0.02613

8 

0.01150

2 

0.01368

8 

0.01742

7 0.03009 

MM 0.01423

2 

0.01165

5 

0.01237

6 

0.01348

2 

0.01158

1 

0.01172

3 

0.01229

1 

0.01382

8 

S 

0.05523 

0.04114

5 

0.04145

4 

0.03804

8 

0.05515

3 

0.05446

4 

0.05853

6 

0.06592

4 

LTS 0.09257

2 

0.06857

2 

0.06808

6 

0.05996

6 0.07421 

0.07222

8 

0.07460

5 

0.07693

8 

LMS 0.08466

5 

0.06324

5 

0.06370

8 0.05936 0.07057 

0.07212

5 

0.07429

6 

0.07516

4 

LAD 0.02108

5 

0.01819

4 

0.02087

6 

0.02573

9 

0.01672

6 

0.01854

7 

0.02121

4 0.02778 

 

Table 4: Sum of Ranks of the Estimators (over the levels of number of predictors) at Different levels of 

Sample size, variance and Percentage of Outlier 

 

Sample 

size (n) 

 

Estimators 

Distribution of Error Term 

𝜀𝑖~(1 − 𝑚%)𝑁(0,1)
+ 𝑚%𝑁(0,50) 

 

𝜀𝑖~(1 − 𝑚%)𝑁(0,1)
+ 𝑚%𝑁(0,100) 

 

𝜀𝑖~(1 − 𝑚%)𝑁(0,1)
+ 𝑚%𝑁(0,250) 

 

% Of Contamination (m%) % Of Contamination (m%) % Of Contamination (m%) 

0% 5% 10% 20% 0% 5% 10% 20% 0% 5% 10% 20% 

 

 

 

OLS 2 14 14 14 2 14 14 14 2 14 14 14 

M 4 4 7 11 4 4 7 12 4 4 9 12 

MM 6 2 2 2 7 2 2 2 6 2 2 2 
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20 S 10 8 6 4 10 8 6 4 10 8 6 4 

LTS 12 10 10 7 12 10 9 6 12 10 8 7 

LMS 14 12 12 11 14 12 12 9 14 12 11 9 

LAD 8 6 5 7 7 6 6 9 8 6 6 8 

 

 

 

30 

OLS 2 14 14 14 2 14 14 14 2 14 14 14 

M 4 4 4 10 4 4 4 11 4 4 4 12 

MM 6 2 2 2 6 2 2 2 6 2 2 2 

S 10 8 8 4 10 8 8 4 10 8 8 4 

LTS 12 10 10 8 12 10 10 7 12 10 10 7 

LMS 14 12 12 11 14 12 12 11 14 12 12 10 

LAD 8 6 6 7 8 6 6 7 8 6 6 7 

 

 

 

40 

OLS 2 14 14 14 2 14 14 14 2 14 14 14 

M 4 4 4 9 4 4 4 10 4 4 4 12 

MM 6 2 2 2 6 2 2 2 6 2 2 2 

S 10 8 8 6 10 8 8 6 10 8 8 6 

LTS 12 10 10 9 12 10 10 9 12 10 10 8 

LMS 14 12 12 12 14 12 12 11 14 12 12 10 

LAD 8 6 6 4 8 6 6 4 8 6 6 4 

 

 

 

60 

OLS 2 14 14 14 2 14 14 14 2 14 14 14 

M 4 4 4 6 4 4 4 6 4 4 4 6 

MM 6 2 2 2 6 2 2 2 6 2 2 2 

S 10 8 8 8 10 8 8 8 10 8 8 8 

LTS 13 11 11 10 12 11 10 10 12 10 11 10 

LMS 13 11 11 12 14 11 12 12 14 12 11 12 

LAD 8 6 6 4 8 6 6 4 8 6 6 4 

 

 

 

100 

OLS 2 14 14 14 2 14 14 14 2 14 14 14 

M 4 4 4 6 4 4 4 6 4 4 4 6 

MM 6 2 2 2 6 2 2 2 6 2 2 2 

S 10 8 8 8 10 8 8 8 10 8 8 8 

LTS 14 12 12 11 14 12 12 12 14 12 12 12 

LMS 12 10 10 11 12 10 10 10 12 10 10 10 

LAD 8 6 6 4 8 6 6 4 8 6 6 4 

 

From Table1 to Table3 above, it can be observed that, at fixed Variance of outliers, number of explanatory 

variables and percentage of outliers, as sample size increase, the AMSE of the estimator’s decreases. 

 

At a particular level of sample size, number of explanatory variables and percentage of outliers, AMSE of the 

estimators mostly increase with increase in variance of outliers. It can as well be deduced from table1 to table3 

that mostly, AMSE increases as number of explanatory variables increase, at fixed level of sample size, variance 

and percentage of outliers. 

 

From Table 4 above, it can be deduced that at all levels of sample size and variances of outlier considered, when 

the percentage of outlier is zero (i.e no outlier), OLS has the minimum sum of ranks. But when outlier exists, 

irrespective of the level of sample size and level of variance of the outlier(s), Robust MM has the minimum sum 

of ranks. 

 

CONCLUSSION 
In this study, the performances of OLS and some robust estimators that handled the problem of outliers were 

evaluated and compared using the MSE criterion. 

 

From the simulation study, where the sample size, variance of outliers, number of explanatory variables and 

percentage of outliers were varied, it’s found that if outlier exists, Robust MM estimator outperformed all other 
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methods of parameter estimation, and is therefore, recommended as the most suitable estimator among the various 

estimators considered, when faced with the problem of outliers. But when there is no outlier(s) in the data, OLS 

is found to be the most efficient estimator among all the estimators considered in this study. 
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